Abstract: Slender steel footbridges suffer excessive human-induced vibrations due to their low damping nature and their frequency being located in the range of human-induced excitations. Tuned mass dampers (TMDs) are usually used to solve the serviceability problem of footbridges. A multiple TMD (MTMD) system, which consists of several TMDs with different frequencies, has a wide application in the vibration control of footbridges. An MTMD system with well-designed parameters will have a satisfactory effect for vibration control. This study firstly discusses the relationship between the acceleration dynamic amplification factor and important parameters of an MTMD system, i.e., the frequency bandwidth, TMD damping ratio, central frequency ratio, mass ratio and the number of TMDs. Then, the frequency bandwidth and damping ratio optimal formulas are proposed according to the parametric study. At last, an in-service slender footbridge is proposed as a case study. The footbridge is analyzed through a finite element model and an in situ test, and then, an MTMD system is designed based on the proposed optimal design formulas. The vibration control effect of the MTMD system is verified through a series of in situ comparison tests. Results show that under walking, running and jumping excitations with different frequency, the MTMD system always has an excellent vibration control effect. Under a crowd-induced excitation with the resonance frequency, the footbridge with an MTMD system can meet the acceleration limit requirement. It is also found that the analysis result agrees well with the in situ test.
Introduction
Because of the beautiful architectural appearance, short construction period and high economy, slender steel footbridges became more and more popular than before and were common in urban areas [1] [2] [3] [4] [5] [6] [7] [8] . With the development of high-performance materials, footbridges became slenderer and lighter [9] [10] [11] . However, slender steel footbridges usually had a low damping ratio, and their frequency was located in the range of human-induced excitations [12, 13] , e.g., walking, running and jumping excitations. They were suffering from excessive human-induced vibrations [14] . When the resonance phenomenon happens, it would cause a more and more conspicuous serviceability problem [15] .
To solve the serviceability problem, one choice was to strengthen the footbridge. However, this would cause the waste of materials and environmental pollution, but obtains little effect. A sustainable way was to use structural control technology [16] . One of the most traditional structural control devices was the tuned mass damper (TMD), which consisted of a mass element, a stiffness element and a damping element. It was usually used to control the in-service human-induced vibrations of the slender footbridges [17] . When the frequency of a TMD was well-tuned and its damping ratio MTMD system was designed based on the proposed optimal design formulas. Section 4 presented a series of in situ human-induced vibration comparison tests to verify the control effect of the MTMD.
Parametric Study and Optimal Design

Schematic Diagram and Dynamic Analysis
For a simply supported footbridge, the first vertical mode is usually dominated [13] . Therefore, this kind of footbridge can be simplified as a single-degree-of-freedom (SDOF) system. When it is coupled with an MTMD system, the schematic diagram is shown in Figure 1 , under a vertical harmonic excitation. formulas. Section 4 presented a series of in situ human-induced vibration comparison tests to verify the control effect of the MTMD.
Parametric Study and Optimal Design
Schematic Diagram and Dynamic Analysis
For a simply supported footbridge, the first vertical mode is usually dominated [13] . Therefore, this kind of footbridge can be simplified as a single-degree-of-freedom (SDOF) system. When it is coupled with an MTMD system, the schematic diagram is shown in Figure 1 , under a vertical harmonic excitation. In Figure 1 , s m , s k and s c are the mass, stiffness and damping coefficients of the primary structure. n is the total number of TMDs in the MTMD system. n m , n k and n c are the mass, stiffness and damping coefficient of the TMD with the numerical order n . P and ω are the amplitude and circular frequency of the external harmonic excitation respectively. t means the time.
It is assumed that the TMD is arranged in order of frequency increase, and their frequency is in an arithmetic progression. The dynamic equation of the dynamic system in Figure 1 can be written as 
In Equation (1), j is the numerical order of a TMD in the MTMD system. Under a harmonic excitation, the dynamic response in the steady state can be written as [1] iwt s s iwt j j
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In Equation (2), In Figure 1 , m s , k s and c s are the mass, stiffness and damping coefficients of the primary structure. n is the total number of TMDs in the MTMD system. m n , k n and c n are the mass, stiffness and damping coefficient of the TMD with the numerical order n. P and ω are the amplitude and circular frequency of the external harmonic excitation respectively. t means the time. It is assumed that the TMD is arranged in order of frequency increase, and their frequency is in an arithmetic progression.
The dynamic equation of the dynamic system in Figure 1 can be written as
In Equation (1), j is the numerical order of a TMD in the MTMD system. Under a harmonic excitation, the dynamic response in the steady state can be written as [1]
In Equation (2), H s and H j are the response amplitude of the primary structure and a TMD with the numerical order j, respectively. To analyze the relationship between the primary structural response and the parameters of an MTMD system, H s can be firstly calculated as 
where ω T is the central frequency of TMDs in an MTMD system; frequency bandwidth ratio χ = ω n −ω 1 ω T , where ω n is the circular frequency of the last TMD with the maximum frequency, and ω 1 is the circular frequency of the first TMD with the minimum frequency; TMD damping ratio ξ j = c j 2m j ω j , where m j , k j and c j are the mass, stiffness and damping coefficient of the TMD with the numerical order j, and it is assumed that all TMDs have the same damping ratio.
As for the serviceability problem, the primary structural acceleration response is usually used as the evaluation index. The detailed acceleration limit value can be found in References [45] [46] [47] [48] [49] [50] , and also according to the requirement of the client. Then, the acceleration dynamic amplification factor can be calculated as
In Equation (4), R z and I z mean that
It can be seen in Equations (4) and (5) that the primary structural acceleration dynamic amplification factor is mainly related to the frequency bandwidth, TMD damping ratio, central frequency ratio, mass ratio and the number of TMDs in the MTMD system. Therefore, in order to decrease the primary structural acceleration response, it is necessary to discuss and optimally design these parameters.
Considering that the damping ratio of the slender footbridge is low and for simplification, in the following parametric discussion, ξ s is ignored and set to be zero. It can be known from Reference [23] that for a single TMD, the optimal frequency is f T = 1/(µ + 1), and it is also reasonable when f T = 1. To find a better choice for the MTMD system, these two cases will be compared in the following.
Discussion on the Frequency Bandwidth and TMD Damping Ratio
The relationship between DMF acc and excitation frequency ratio g, with different TMD damping ratios ξ T is shown in Figure 2 .
In Figure 2 , the number of TMDs is 5, the frequency bandwidth is set to be 0.225, the MTMD mass ratio is 4.0% and f T = 1. It can be seen that because it is a six DOF system, there are six distinct crests when the TMD damping ratio is low (ξ T = 1.9%). As the ξ T increases, the maximum DMF acc will decrease firstly and then increase. It also can be known from Figure 2 that, in this case, the optimal ξ T is about 4.9%.
The relationship between DMF acc and excitation ratio g, with different frequency bandwidth χ is shown in Figure 3 . In Figure 3 , the TMD damping ratio ξ T is set to be 4.9%, for example.
It is proposed in Figure 3 that, when χ = 0.0, which means that it becomes a single TMD, the DMF acc is at its maximum compared to the other three cases. As the χ increases, the maximum DMF acc decreases firstly and then increases. Therefore, there is an optimum value for the frequency bandwidth χ. In order to further study the tendency between DMF acc , χ and ξ T , the relationship between DMF acc and χ, with different ξ T is presented in Figure 4 , and the relationship between the maximum DMF acc and ξ T , with different χ is presented in Figure 5 . In Figure 2 , the number of TMDs is 5, the frequency bandwidth is set to be 0.225, the MTMD mass ratio is 4.0% and 1 T f = . It can be seen that because it is a six DOF system, there are six distinct crests when the TMD damping ratio is low (
). As the T ξ increases, the maximum acc DMF will decrease firstly and then increase. It also can be known from Figure 2 that, in this case, the optimal T ξ is about 4.9%.
The relationship between acc DMF and excitation ratio g , with different frequency bandwidth χ is shown in Figure 3 . In Figure 3 , the TMD damping ratio T ξ is set to be 4.9%, for example. It is proposed in Figure 3 that, when 0.0 χ = , which means that it becomes a single TMD, the acc DMF is at its maximum compared to the other three cases. As the χ increases, the maximum acc DMF decreases firstly and then increases. Therefore, there is an optimum value for the frequency bandwidth χ .
In order to further study the tendency between acc DMF , χ and T ξ , the relationship between acc DMF and χ , with different T ξ is presented in Figure 4 , and the relationship between the maximum acc DMF and T ξ , with different χ is presented in Figure 5 . In Figure 2 , the number of TMDs is 5, the frequency bandwidth is set to be 0.225, the MTMD mass ratio is 4.0% and 1 T f = . It can be seen that because it is a six DOF system, there are six distinct crests when the TMD damping ratio is low (
In order to further study the tendency between acc DMF , χ and T ξ , the relationship between acc DMF and χ , with different T ξ is presented in Figure 4 , and the relationship between the maximum acc DMF and T ξ , with different χ is presented in Figure 5 . In Figure 4 , it is obvious that as χ increases, Tuned mass dampers acc DMF decreases firstly and then increases. The similar conclusion can be obtained from Figure 5 that, as T ξ increases, acc DMF decreases firstly and then increases. Therefore, it is no doubt that there are optimal values for χ and T ξ , respectively.
Optimal Design of the Frequency Bandwidth and TMD Damping Ratio
The same as Section 2.2, when the number of TMDs is 5, the MTMD mass ratio is 4.0% and 1 T f = , the relationship between acc DMF , T ξ and χ is shown in Figure 6 . In Figure 4 , it is obvious that as χ increases, Tuned mass dampers DMF acc decreases firstly and then increases. The similar conclusion can be obtained from Figure 5 that, as ξ T increases, DMF acc decreases firstly and then increases. Therefore, it is no doubt that there are optimal values for χ and ξ T , respectively.
The same as Section 2.2, when the number of TMDs is 5, the MTMD mass ratio is 4.0% and f T = 1, the relationship between DMF acc , ξ T and χ is shown in Figure 6 . In Figure 6 , it is clear that in this case, the optimal TMD damping ratio opt ξ is 4.9%, and the optimal frequency bandwidth opt χ is 0.225.
The optimal goal is to minimize the maximum acc DMF . Through the aforementioned method, when the number of TMDs n is in the range of (2, 12) and the MTMD mass ratio μ is in the range of (0.005, 0.100), the optimal frequency bandwidth opt χ and the optimal TMD damping ratio opt ξ can be calculated through the following formulas ( 1 
0.023 0.486 ln( ) 1.136 0.334 Figure 6 . The relationship between DMF acc , ξ T and χ.
In Figure 6 , it is clear that in this case, the optimal TMD damping ratio ξ opt is 4.9%, and the optimal frequency bandwidth χ opt is 0.225.
The optimal goal is to minimize the maximum DMF acc . Through the aforementioned method, when the number of TMDs n is in the range of (2, 12) and the MTMD mass ratio µ is in the range of (0.005, 0.100), the optimal frequency bandwidth χ opt and the optimal TMD damping ratio ξ opt can be calculated through the following formulas ( f T = 1): 
DMF opt = 1.136µ
When the central frequency ratio is f T = 1/(µ + 1), χ opt and ξ opt can be calculated through the following formulas:
Then, it can be concluded that after the MTMD mass ratio µ and the number of TMDs n are chosen, χ opt and ξ opt can be calculated through Equation (6)- (8) or (9)- (11). To see the tendency between χ opt and µ, and ξ opt and µ clearly, Equation (4) and Equation (5) are drawn in Figure 7a ,b, respectively, for example. To see the tendency between χ opt and n, and ξ opt and n clearly, Equation (4) and Equation (5) are drawn in Figure 8a ,b, respectively, for example. Then, it can be concluded that after the MTMD mass ratio μ and the number of TMDs n are chosen, opt χ and opt ξ can be calculated through Equation (6)- (8) or (9)- (11). To see the tendency between opt χ and μ , and opt ξ and μ clearly, Equation (4) and Equation (5) are drawn in Figure   7a ,b, respectively, for example. To see the tendency between opt χ and n , and opt ξ and n clearly, Equation (4) and Equation (5) are drawn in Figure 8a ,b, respectively, for example.
(a) (b) It can be seen in Figure 7 that the increment of opt χ and opt ξ is in direct proportion to the increment of μ . In Figure 8 , as the n increases, opt χ also increases; however, opt ξ decreases as the n increases.
In Equations (8) and (11), opt DMF is also related to the MTMD mass ratio μ and the number of TMDs n . Therefore, it is necessary to discuss the central frequency ratio f , mass ratio μ and Then, it can be concluded that after the MTMD mass ratio μ and the number of TMDs n are chosen, opt χ and opt ξ can be calculated through Equation (6)- (8) or (9)- (11). To see the tendency between opt χ and μ , and opt ξ and μ clearly, Equation (4) and Equation (5) are drawn in Figure   7a ,b, respectively, for example. To see the tendency between opt χ and n , and opt ξ and n clearly, Equation (4) and Equation (5) are drawn in Figure 8a ,b, respectively, for example.
In Equations (8) and (11), opt DMF is also related to the MTMD mass ratio μ and the number of TMDs n . Therefore, it is necessary to discuss the central frequency ratio T f , mass ratio μ and It can be seen in Figure 7 that the increment of χ opt and ξ opt is in direct proportion to the increment of µ. In Figure 8 , as the n increases, χ opt also increases; however, ξ opt decreases as the n increases.
In Equations (8) and (11), DMF opt is also related to the MTMD mass ratio µ and the number of TMDs n. Therefore, it is necessary to discuss the central frequency ratio f T , mass ratio µ and the number of TMDs n in the MTMD system.
Discussion on the Central Frequency Ratio
The relationship between DMF opt and the number of TMDs n, with different MTMD mass ratios µ and central frequency ratio f T is shown in Figure 9 . In Figure 9 , for different µ, n and f T , the ξ opt and χ opt can be calculated from Equations (4) and (5). The relationship between opt DMF and the number of TMDs n , with different MTMD mass ratios μ and central frequency ratio T f is shown in Figure 9 . In Figure 9 , for different μ , n and T f , the opt ξ and opt χ can be calculated from Equations (4) and (5). From Figure 9 , it can be known that with a larger mass ratio μ , opt DMF will have a smaller value;
opt DMF decreases as the number of TMDs n increases, however, the drop rate is small after 4 n = . In all cases, the 1
it is suggested that the central frequency ratio T f can be set to be 1.
Discussion on the Mass Ratio
The relationship between From Figure 9 , it can be known that with a larger mass ratio µ, DMF opt will have a smaller value; DMF opt decreases as the number of TMDs n increases, however, the drop rate is small after n = 4. In all cases, the f T = 1 case has a smaller DMF opt than the f T = 1/(µ + 1) case. Therefore, it is suggested that the central frequency ratio f T can be set to be 1.
The relationship between DMF opt and the MTMD mass ratio µ, with different numbers of TMD n, and the relationship between DMF opt and the excitation ratio g, with different MTMD mass ratio µ, are proposed in Figure 10 respectively.
From Figure 10a , it can be seen that DMF opt decreases as µ increases and the curve of n = 3 and n = 12 are quite similar. It can be known from Figure 10b that in a wide excitation frequency bandwidth, DMF opt decreases as µ increases, however, the increment rate is smaller when µ is larger.
In general, DMF opt is inversely proportional to µ. However, in real projects, it may be impossible to obtain a too-large mass ratio, and it should be reasonable. 
The relationship between opt DMF and the MTMD mass ratio μ , with different numbers of TMD n , and the relationship between opt DMF and the excitation ratio g , with different MTMD mass ratio μ , are proposed in Figure 10 respectively. 
Discussion on the Number of TMDs
The relationship between DMF opt and the number of TMDs n, with different MTMD mass ratios µ, and the relationship between DMF opt and the excitation ratio g, with different number of TMD n, are presented in Figure 11 respectively. In general, opt DMF is inversely proportional to μ . However, in real projects, it may be impossible to obtain a too-large mass ratio, and it should be reasonable.
The relationship between From Figure 11a , it can be seen that opt DMF decreases as n increases from 1 to 3, and then, it is steady. The same conclusion can be obtained from Figure 11b . In real projects, it may be inconvenient to produce and implement too many TMDs with different frequencies. Therefore, the number of TMDs is suggested to be 3~5.
Design Process of an MTMD System
As aforementioned, an MTMD system with well-designed parameters will have a satisfactory effect for man-induced vibration control. The relationship between the acceleration dynamic amplification factor and important parameters of an MTMD system, i.e. the frequency bandwidth, TMD damping ratio, central frequency ratio, mass ratio and the number of TMDs, has been discussed in detail in the previous sections. A general design method and process of an MTMD system is concluded and proposed in this section.
Firstly, the MTMD mass ratio should be chosen. An MTMD system with a larger mass ratio will has a better vibration control effect. However, in real projects, it may be impossible to obtain a toolarge mass ratio. Usually, the MTMD mass ratio is located in the range of 1%~5%. Then, the number of TMDs in the MTMD system is chosen according to Section 2.6. The number of TMDs is suggested From Figure 11a , it can be seen that DMF opt decreases as n increases from 1 to 3, and then, it is steady. The same conclusion can be obtained from Figure 11b . In real projects, it may be inconvenient to produce and implement too many TMDs with different frequencies. Therefore, the number of TMDs is suggested to be 3~5.
Firstly, the MTMD mass ratio should be chosen. An MTMD system with a larger mass ratio will has a better vibration control effect. However, in real projects, it may be impossible to obtain a too-large mass ratio. Usually, the MTMD mass ratio is located in the range of 1~5%. Then, the number of TMDs in the MTMD system is chosen according to Section 2.6. The number of TMDs is suggested to be 3~5. Thirdly, it is referred in Section 2.4 that the central frequency ratio f T can be set to be 1, which means that the central frequency of an MTMD system is set to be the same as the structural dominant frequency. At last, the optimal frequency bandwidth χ opt and the optimal TMD damping ratio ξ opt can be calculated through Equations (6) and (7).
An MTMD system can be optimized and designed according to the proposed process and it is also suggested to be applied in the location where the structure has the maximum modal response.
Optimal Design of an MTMD System for a Footbridge
Model Analysis and In Situ Test
In order to illustrate and verify the aforementioned optimal design method and formulas, an in-service steel footbridge is proposed as a case study in this and the next sections. The footbridge is simply supported and 55.2 m in length. Because it is slender and light, it suffers from excessive human-induced vibrations and needs to be controlled by an MTMD system.
To provide a reference for the following in situ test, the footbridge finite element model built in SAP2000 is analyzed firstly. The model in SAP2000 [51] and the first three vertical modes are shown in Figure 12 . An MTMD system can be optimized and designed according to the proposed process and it is also suggested to be applied in the location where the structure has the maximum modal response.
Optimal Design of an MTMD System for a Footbridge
Model Analysis and In Situ Test
In order to illustrate and verify the aforementioned optimal design method and formulas, an inservice steel footbridge is proposed as a case study in this and the next sections. The footbridge is simply supported and 55.2 m in length. Because it is slender and light, it suffers from excessive human-induced vibrations and needs to be controlled by an MTMD system.
To provide a reference for the following in situ test, the footbridge finite element model built in SAP2000 is analyzed firstly. The model in SAP2000 [51] and the first three vertical modes are shown in Figure 12 . Shell members are used to simulate the steel deck. Beam elements are adapted for steel members. Finally, the footbridge is fixed at the base of piers. The detailed structural parameters and input parameters are proposed in Table 1 . Shell members are used to simulate the steel deck. Beam elements are adapted for steel members. Finally, the footbridge is fixed at the base of piers. The detailed structural parameters and input parameters are proposed in Table 1 . Through the model analysis, it is found that the first vertical frequency is 2.55 Hz, which is sensitive to human-induced excitations. The second and third vertical frequencies are 7.18 Hz and 13.86 Hz respectively, which are difficult to be excited compared to the first mode. Besides, the first mode mass participation ratio is 86.5%, which is no doubt dominant. Therefore, the main attention should be paid to the first vertical mode and it can be simplified as an SDOF system.
The dynamic response in the mid-span is the maximum for the first vertical mode. Therefore, in the following in situ test, three measurement points are arranged near the mid-span and are presented in Figure 13 . Through the model analysis, it is found that the first vertical frequency is 2.55 Hz, which is sensitive to human-induced excitations. The second and third vertical frequencies are 7.18 Hz and 13.86 Hz respectively, which are difficult to be excited compared to the first mode. Besides, the first mode mass participation ratio is 86.5%, which is no doubt dominant. Therefore, the main attention should be paid to the first vertical mode and it can be simplified as an SDOF system.
The dynamic response in the mid-span is the maximum for the first vertical mode. Therefore, in the following in situ test, three measurement points are arranged near the mid-span and are presented in Figure 13 . Under ambient excitation, the acceleration response of three measurement points are obtained through three acceleration sensors and are analyzed through fast Fourier transformation (FFT). The results of the three points are quite similar, and for brevity, only the result of the A2 point is shown in Figure 14 . The frequency identification result comparison between the model analysis and in situ test is shown in Table 2 and the first order damping ratio is identified through the fitting exponential function [1]. Under ambient excitation, the acceleration response of three measurement points are obtained through three acceleration sensors and are analyzed through fast Fourier transformation (FFT). The results of the three points are quite similar, and for brevity, only the result of the A2 point is shown in Figure 14 . Through the model analysis, it is found that the first vertical frequency is 2.55 Hz, which is sensitive to human-induced excitations. The second and third vertical frequencies are 7.18 Hz and 13.86 Hz respectively, which are difficult to be excited compared to the first mode. Besides, the first mode mass participation ratio is 86.5%, which is no doubt dominant. Therefore, the main attention should be paid to the first vertical mode and it can be simplified as an SDOF system.
The dynamic response in the mid-span is the maximum for the first vertical mode. Therefore, in the following in situ test, three measurement points are arranged near the mid-span and are presented in Figure 13 . Under ambient excitation, the acceleration response of three measurement points are obtained through three acceleration sensors and are analyzed through fast Fourier transformation (FFT). The results of the three points are quite similar, and for brevity, only the result of the A2 point is shown in Figure 14 . The frequency identification result comparison between the model analysis and in situ test is shown in Table 2 and the first order damping ratio is identified through the fitting exponential function [1]. The frequency identification result comparison between the model analysis and in situ test is shown in Table 2 and the first order damping ratio is identified through the fitting exponential function [1]. It can be seen in Table 2 that the frequency identification result of the model analysis agrees well with the in situ test, especially the first mode. The first order damping ratio is only 0.35% and can be ignored.
To analyze the structural dynamic response more precisely, a 700 N worker walks, runs and jumps in the mid-span with the resonance frequency (2.55 Hz) under the guidance of a metronome [52] . The human-induced forces and also the acceleration responses are measured at the A2 point. For example, the jumping force and the comparison of A2 point response between the model analysis and in situ test are proposed in Figure 15 . In a personal computer with an Intel(R) Core(TM) i5-7200U CPU @ 2.50 GHz-2.71 GHz, for every walking, running and jumping excitation simulation case, it only takes about 30 s. It can be seen in Table 2 that the frequency identification result of the model analysis agrees well with the in situ test, especially the first mode. The first order damping ratio is only 0.35% and can be ignored.
To analyze the structural dynamic response more precisely, a 700 N worker walks, runs and jumps in the mid-span with the resonance frequency (2.55 Hz) under the guidance of a metronome [52] . The human-induced forces and also the acceleration responses are measured at the A2 point. For example, the jumping force and the comparison of A2 point response between the model analysis and in situ test are proposed in Figure 15 . In a personal computer with an Intel(R) Core(TM) i5-7200U CPU @ 2.50 GHz-2.71 GHz, for every walking, running and jumping excitation simulation case, it only takes about 30 s. From Figure 15 , it can be seen that, on the one hand, the model analysis result fits well with the in situ test; on the other hand, the maximum response of the in situ test is 74.5 gal. According to References [38] [39] [40] and also the requirements of the client, as for the walking excitation, the structural acceleration response limit value is 15 gal and 50 gal for running and jumping excitations. The structural acceleration response of the A2 point under walking and running excitations are shown in Figure 16 . In Figure 16 , the structural maximum acceleration is 22.8 gal for the walking case and 49.5 gal for the running case. In Figure 16a , the acceleration amplitude "22.8 gal" is only the response value From Figure 15 , it can be seen that, on the one hand, the model analysis result fits well with the in situ test; on the other hand, the maximum response of the in situ test is 74.5 gal. According to References [38] [39] [40] and also the requirements of the client, as for the walking excitation, the structural acceleration response limit value is 15 gal and 50 gal for running and jumping excitations. The structural acceleration response of the A2 point under walking and running excitations are shown in Figure 16 . It can be seen in Table 2 that the frequency identification result of the model analysis agrees well with the in situ test, especially the first mode. The first order damping ratio is only 0.35% and can be ignored.
To analyze the structural dynamic response more precisely, a 700 N worker walks, runs and jumps in the mid-span with the resonance frequency (2.55 Hz) under the guidance of a metronome [52] . The human-induced forces and also the acceleration responses are measured at the A2 point. For example, the jumping force and the comparison of A2 point response between the model analysis and in situ test are proposed in Figure 15 . In a personal computer with an Intel(R) Core(TM) i5-7200U CPU @ 2.50 GHz-2.71 GHz, for every walking, running and jumping excitation simulation case, it only takes about 30 s. From Figure 15 , it can be seen that, on the one hand, the model analysis result fits well with the in situ test; on the other hand, the maximum response of the in situ test is 74.5 gal. According to References [38] [39] [40] and also the requirements of the client, as for the walking excitation, the structural acceleration response limit value is 15 gal and 50 gal for running and jumping excitations. The structural acceleration response of the A2 point under walking and running excitations are shown in Figure 16 . In Figure 16 , the structural maximum acceleration is 22.8 gal for the walking case and 49.5 gal for the running case. In Figure 16a , the acceleration amplitude "22. In Figure 16 , the structural maximum acceleration is 22.8 gal for the walking case and 49.5 gal for the running case. In Figure 16a , the acceleration amplitude "22.8 gal" is only the response value of a single person walking. In fact, according to References [41] [42] [43] , a 0.5 person/m 2 crowd-load should be considered. Based on the equivalent flow analysis result, the walking coefficient should be multiplied by 3.2, and therefore, the structural equivalent maximum acceleration is 73.0 gal for the walking case. It can be seen that neither of the above three cases can meet the serviceability requirement.
Optimal Design of an MTMD System
In order to improve the serviceability of the aforementioned in-service footbridge, an MTMD system is optimized in this section.
According to Section 2.4, the central frequency ratio f T is set to be 1; according to Section 2.5, the MTMD mass ratio is chosen to be 3.6%; according to Section 2.6, there are three TMDs with different frequency in this MTMD system. Then, according to Equations (6) and (7), the optimal frequency bandwidth χ opt and damping ratio ξ opt can be calculated, which are 0.16 and 6.0%, respectively. The optimal process can be seen in Figure 17 . walking case. It can be seen that neither of the above three cases can meet the serviceability requirement.
According to Section 2.4, the central frequency ratio T f is set to be 1; according to Section 2.5, the MTMD mass ratio is chosen to be 3.6%; according to Section 2.6, there are three TMDs with different frequency in this MTMD system. Then, according to Equations (6) and (7), the optimal frequency bandwidth opt χ and damping ratio opt ξ can be calculated, which are 0.16 and 6.0%, respectively. The optimal process can be seen in Figure 17 . Detailed parameters of the optimized MTMD system are shown in Table 3 . 
Implementation of the MTMD System and Vibration Test
The MTMD system in Table 3 is produced and implemented in the in-service footbridge. The location of each TMD is shown in Figure 13 . Detailed parameters of the optimized MTMD system are shown in Table 3 . 
The MTMD system in Table 3 is produced and implemented in the in-service footbridge. The location of each TMD is shown in Figure 13 .
To verify the vibration control effect of the MTMD system, the same as Figures 15 and 16 , the worker of 700 N walks, runs and jumps in the mid-span. The acceleration responses of the A2 point are presented in Figure 18 . To verify the vibration control effect of the MTMD system, the same as Figures 15 and 16 , the worker of 700 N walks, runs and jumps in the mid-span. The acceleration responses of the A2 point are presented in Figure 18 . Table 4 . It is obvious in Table 4 that the optimized MTMD system has an excellent control effect for all kinds of human-induced vibrations. After the implementation of the MTMD system, the footbridge can meet the serviceability requirement.
To further illustrate the control effect of the MTMD system, under the jumping excitation, the acceleration time history of both the footbridge and TMD in all measurement points are drawn in Figure 19 . Table 4 . It is obvious in Table 4 that the optimized MTMD system has an excellent control effect for all kinds of human-induced vibrations. After the implementation of the MTMD system, the footbridge can meet the serviceability requirement.
To further illustrate the control effect of the MTMD system, under the jumping excitation, the acceleration time history of both the footbridge and TMD in all measurement points are drawn in Figure 19 . It can be seen in Figure 19 that there is a phase difference of about 90 degrees between the footbridge and TMD acceleration time history curves. This means that the vibration energy of the footbridge passes to the TMD and TMD gives an opposite force to the footbridge to suppress its movement. The vibration energy of the footbridge is dissipated quickly and the TMD can accelerate the vibration attenuation of the footbridge.
To verify the MTMD control effect in a wide excitation bandwidth, the comparison of walking, running and jumping excitation response spectra in the A2 point are shown in Figure 20 .
(a) It can be seen in Figure 19 that there is a phase difference of about 90 degrees between the footbridge and TMD acceleration time history curves. This means that the vibration energy of the footbridge passes to the TMD and TMD gives an opposite force to the footbridge to suppress its movement. The vibration energy of the footbridge is dissipated quickly and the TMD can accelerate the vibration attenuation of the footbridge.
From Figure 20 , it can be known that the MTMD system is robust in a wide excitation bandwidth. The footbridge has the maximum response when the resonance happens and, at that time, the MTMD system has the best reduction in the structural acceleration response.
At last 16 people walks through the footbridge with the resonance frequency twice to verify whether it can meet the serviceability requirement of 15 gal. The photo of this test is shown in Figure 21 and the acceleration time history of A2 point is presented in Figure 22 .
It can be seen in Figure 19 that there is a phase difference of about 90 degrees between the footbridge and TMD acceleration time history curves. This means that the vibration energy of the footbridge passes to the TMD and TMD gives an opposite force to the footbridge to suppress its movement. The vibration energy of the footbridge is dissipated quickly and the TMD can accelerate the vibration attenuation of the footbridge.
To verify the MTMD control effect in a wide excitation bandwidth, the comparison of walking, running and jumping excitation response spectra in the A2 point are shown in Figure 20 . From Figure 20 , it can be known that the MTMD system is robust in a wide excitation bandwidth. The footbridge has the maximum response when the resonance happens and, at that time, the MTMD system has the best reduction in the structural acceleration response.
At last 16 people walks through the footbridge with the resonance frequency twice to verify whether it can meet the serviceability requirement of 15 gal. The photo of this test is shown in Figure  21 and the acceleration time history of A2 point is presented in Figure 22 . From Figure 20 , it can be known that the MTMD system is robust in a wide excitation bandwidth. The footbridge has the maximum response when the resonance happens and, at that time, the MTMD system has the best reduction in the structural acceleration response.
At last 16 people walks through the footbridge with the resonance frequency twice to verify whether it can meet the serviceability requirement of 15 gal. The photo of this test is shown in Figure  21 and the acceleration time history of A2 point is presented in Figure 22 . It can be seen in Figure 22 that the maximum acceleration of the mid-span is 12.5 gal and it can meet the serviceability requirement.
Conclusions
Slender steel footbridges suffer from excessive human-induced vibrations due to their low damping nature and their frequency being located in the range of human-induced excitations. An MTMD system, which consists of several TMDs with different frequencies has a wide application in the vibration control of footbridges. An MTMD system with well-designed parameters would have a satisfactory effect for human-induced vibration control.
This paper firstly discussed the relationship between the acceleration dynamic amplification factor and the main parameters of an MTMD system, i.e., the frequency bandwidth, TMD damping ratio, central frequency ratio, mass ratio and the number of TMDs. Then, the frequency bandwidth and damping ratio optimal formulas were proposed according to the parametric study. At last, an inservice slender footbridge was proposed as a case study. The following conclusions could be obtained: 1) According to the parametric study, the central frequency ratio was suggested to be 1; a larger mass ratio would get a better control effect, but it also should be reasonable; the number of TMDs was suggested to be 3~5. 2) The frequency bandwidth and damping ratio of the MTMD system could be calculated through the proposed optimization formulas. 3) A slender steel footbridge was analyzed through the finite element model and an in situ test, and an MTMD system was designed based on the proposed optimal design formulas. 4) The vibration control effect of the MTMD system was verified through a series of in situ comparison tests. The results showed that under walking, running and jumping excitations with different frequencies, the MTMD system always had an excellent vibration control effect, and the footbridge with an MTMD system could meet the acceleration limit requirement. The analysis result agreed well with the in situ test. Though the proposed optimal design method had been verified through a particular case study, it did not consider the primary structural damping ratio. Besides, as time went by, the primary structural dynamic parameters (mass, stiffness and damping coefficients) would vary and they had an uncertainty which had not been considered in the proposed design framework. These aspects need to be studied in further research. It was also worth studying the effectiveness of the proposed MTMD system design framework in lateral human-induced vibration control in further research. It can be seen in Figure 22 that the maximum acceleration of the mid-span is 12.5 gal and it can meet the serviceability requirement.
This paper firstly discussed the relationship between the acceleration dynamic amplification factor and the main parameters of an MTMD system, i.e., the frequency bandwidth, TMD damping ratio, central frequency ratio, mass ratio and the number of TMDs. Then, the frequency bandwidth and damping ratio optimal formulas were proposed according to the parametric study. At last, an in-service slender footbridge was proposed as a case study. The following conclusions could be obtained:
1)
According to the parametric study, the central frequency ratio was suggested to be 1; a larger mass ratio would get a better control effect, but it also should be reasonable; the number of TMDs was suggested to be 3~5. 2) The frequency bandwidth and damping ratio of the MTMD system could be calculated through the proposed optimization formulas. 3) A slender steel footbridge was analyzed through the finite element model and an in situ test, and an MTMD system was designed based on the proposed optimal design formulas. 4) The vibration control effect of the MTMD system was verified through a series of in situ comparison tests. The results showed that under walking, running and jumping excitations with different frequencies, the MTMD system always had an excellent vibration control effect, and the footbridge with an MTMD system could meet the acceleration limit requirement. The analysis result agreed well with the in situ test.
Though the proposed optimal design method had been verified through a particular case study, it did not consider the primary structural damping ratio. Besides, as time went by, the primary structural dynamic parameters (mass, stiffness and damping coefficients) would vary and they had an uncertainty which had not been considered in the proposed design framework. These aspects need to be studied in further research. It was also worth studying the effectiveness of the proposed MTMD system design framework in lateral human-induced vibration control in further research.
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